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We d i scuss  a method of modeling the e igenvalues  and eigenfunctions of hea t -  and m a s s - t r a n s -  
fer  s y s t e m s  on analog c o m p u t e r s .  The bases  for  the  modeling method a r e  given, and an ex-  
ample  is p r e sen t ed .  

Finding the e igenvalues  and eigenfunctions of hea t -  and m a s s - t r a n s f e r  s y s t e m s  in analyt ic  fo rm is 
ve ry  difficult  even in the s i m p l e s t  p r o b l e m s .  Knowledge of them frequent ly  enables one to draw far  r e a c h -  
ing qual i ta t ive conclusions about the phenomena desc r ibed  by the cor responding  equations.  In pa r t i cu la r ,  
a knowledge of even the f i r s t  few eigenvalues  and eigenfunctions of hea t -  and m a s s - t r a n s f e r  s y s t e m s  p e r -  
mits  the use  of the theory  and conclusions of the so -ca l l ed  r egu l a r  t h e r m a l  conditions [1, 2]. 

We d i scuss  a method for  finding approx ima te  e igenvalues  and eigenfunctions of heat -  and m a s s - t r a n s -  
fer  s y s t e m s  by model ing the app rop r i a t e  S t u r m - L i o u v i ! l e  equations on analog compute r s .  The methods 
used h e r e  a r e  desc r ibed  in [3, 4]. 

Suppose the hea t -  and m a s s - t r a n s f e r  equations in m a t r i x  fo rm a r e  

- -  a - - b U ;  l l ~ ( .  x ~ l  ~ (1) 
O~ Ox O~x 

with the init ial  conditions 

U (0, x) = (p (x) (2) 

and the homogeneous  boundary  conditions 
[a(1)U~ - -  ~(1)U]~=q = O, [a(2)U~ -L ~(2)Ulx=f, = O. (3) 

He re  a = ("i j) ,  ~ (k )=  (~.~.)), ~ ( k ) =  ( ~ ) ) ,  b =  (bij), ( ~ 1 ~ ) = ~ ) - :  O, d e t a  ~ 0; i, j, k = l ,  2) a r e g i v e n  

squa re  m a t r i e e s  whose e l emen t s  depend on x, and U = I I, ~o = a r e  column m a t r i c e s .  It is r equ i red  

to find the e igenvalues  and eigenfunetions of s y s t e m  (1)- (3). 

It is m o r e  eonvenient  to wr i te  (1) in the f o r m  

OU O~U a' OU 
- -  a - -  '--  - -  - - b U ,  (4) 

Or Ox ~ ' Ox 

where  a '  is the de r iva t ive  of m a t r i x  a with r e s p e c t  to x. Setting 

and sepa ra t ing  v a r i a b l e s  in (4) and (3) we mus t  find nontr ivia l  solutions x(k)(x) --  the eigenfunctions -- of 
the following S t u r m - L i o u v i l l e  p rob l em:  

X" + a - la 'X"  + a - l ( ~ E - - b )  X = O, (S) 

[ao)X' --~(1)Xl~=q = O, [~z(~)X ' + ~(~)X]~=t, = O, (6) 
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where  a -1 is the i nve r s e  of m a t r i x  a,  and E is  the s e c o n d - o r d e r  unit ma t r ix .  We denote the e lements  of 
the m a t r i x  a - l a  ' by - -Ti j ,  and the e lements  of a - l (h2E --  b) by --Sij .  Then (5) takes  the fo rm 

x ; - -  v u x ; -  v ,~x~-~ , ,x~-Gx~ = o, 

x~  - v , l x ;  - v , . . x ; -  a ,~xl  - 6,~x~. = o. 
1 ! 

We set  XI = V1, X1 = V2, X2 = V3, and X 2 = V 4. Then we obtain f rom (7) and (6) the following boundary-  
value p rob l em for  de te rmin ing  the eigenvalues and eigenfunetions:  

dV~ = V~, 
dx 

,~V~= 6nV1 -F ?nV~ + 61~V~ + ?r2Vv 

(7) 

d G  = G ,  CS) 
dx 

d~x = 821Vi + %lV~ + 8~V3 + ?so_V, 

with the boundary conditions 
[~(1)tT o(1)v 

= t~22 ~4 - -  v21 -1 - -  ~,22 Vd~=z, = O, �9 (9) 

[~,(2)v T o(2)tp , o(2hz  ~11 v 2 - ~ l l  V l - , 7 } J 1 2  v 3 J x = l  * O, r~(2)17 ~ ( 2 ) 1 7  ' ~  ~ t~22 v 4 " Z - V 2 1  r l  Z ' - ~ 2 2  V 3 D : = I  ~ ~ O. 

We seek  a nontr ivia l  solution of p rob l em  (8) and (9) in the fo rm 
4 

V h = '~-~ cjVkj (k = 1 . . . .  4), (10) 
j= l  

where  (Vkj) is the m a t r i x  of the fundamental  solutions of Eqs.  (8), and the ej a r e  unknown constants .  

The functions Vkj can be found, for  example ,  as solutions of the following Cauchy p rob l ems  for (8): 

{I, k =  I. V~(I~)= {1, k = 2  
Vkl(11)= 0, k - - l '  " 0, k ~ 2 ;  

Vka(ll)_~ {1, k=3. Vh4 = {I, k = 4  
0, k =/= 3' 0, k =/= 4" (11) 

Substituting V k f r o m  (10) into boundary conditions (9), we obtain, on the one hand, a s y s t e m  of equations 
for  de te rmin ing  the unknowns cj, and, on the other hand, by equating the de te rminan t  of this s y s t e m  to 
zero ,  we obtain a ce r ta in  condition (A) which mus t  be sa t i s f ied  when h is equal to an eigenvalue ~k- 

Thus,  for  the f i r s t  boundary-va lue  p rob l em in (8) and (9) 

el = e8 = O,  e~ = 1,  02 = - -  V14 (O/VI~ ( 0 .  

Condition (A) in this case  takes the fo rm 

Yl~ ( 0  Y~, (/2) - -  V~, (/2) G~. (/2) = 0. 

For  the second boundary-va lue  p r o b l e m  in (8) and (9) 

o~ ---- g = 0, o~ = I, g = - -  Y~, (O/G1 (O 

and condition (A) has the fo rm 

Y~l G)  G ,  (O  - -  V31 (/2) G4 (0  = 0. 

The m a t r i x  of the fundamental  solutions (Vkj), the e igenvalues  k k, and the eigenfunctions X (k) a r e  conve-  
niently found on analog compu te r s .  With a fixed ;~ we solve Eqs.  (8) four t imes  on the computer  with initial  
conditions (11) and check to see  if condition (A) is sa t i s f ied .  Varying J,, i . e . ,  varying the coefficients  6ij 
in the block d i a g ram  of the model ,  we again  solve Eqs.  (8) with conditions (11), t ry ing to sa t i s fy  condition 
(A). The eigenvalues  h k of s y s t e m  (1) a r e  found in this way. The values found for Ak make it poss ib le  to 
de t e rmine  the initial  values 

�9 {vl (O, G (O, G (q), v, G)h=~h. (12) 

Then by solving s y s t e m  (8) with the initial  conditions (12) we find the eigenfunctions X (k) (x). 
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-V,2 I I ~ ~'---] l i [ ~ - ~ - - - - v ~  

r "7 
I v, , ,  v~,, vs~,, v~ j 
L _ _ _ _ _  _ _ J  

- v , , , ~  ~'- - V ~  

F i g  1' Block d i a g r a m  of the model  of p r o b l e m  (13), 
exp re s s ion  (10), and condition (A). 

It should be  noted that  the whole modeling p rocedu re  desc r ibed  is p e r f o r m e d  for a fixed block dia-  
g r a m  de t e rmined  by Eqs.  (8); only the initial  conditions and the coeff icients  5ij which depend on k a r e  
va r i ed .  

As an i l lus t ra t ion  of the method we p r e s e n t  the r e su l t s  of modeling the following p rob l ems  on an 
MN-14 analog compute r :  Find the e igenvalues  and eigenfunctions of a hea t -  and m a s s - t r a n s f e r  s y s t e m  
desc r ibed  by the d imens ion les s  equations 

aU1 = I0 02U1 02U~ 

o--4 + ' Ox 2 
O ~ x ~ l ,  

OU2 = 0.I O~Ul -k- 0.2 O2U~ 
Ox Ox 2 Ox 2 

with the init ial  condit ions 

u~ (o, x) = ~ (x), u ,  (o, x) = % (x). 

(13) 

Sys tem (8) takes  the f o r m  

dV, = V2 
dx 

dV~ ~,~ 
(O,2V~- 5V~), 

dx 1.5 

dV3 = V4, 
dx 

dV,  _ ~,~ (O.IVx - lOV3 ) 
dx 1 5 

with the boundary  conditions Vi(0) = V3(0) = Vl(1) = V3(1) = 0. Here  

.cl .-- ca = o, c, = I ,  c2 - - -  v l ,  O)/v,~_ (1), 

and condition (A). takes  the f o r m  

Vl~ (1) V~, (I) - -  V ,  (1) V~ (1) = O. 

The b lock d i a g r a m  of the model  cor responding  to Eqs.  (13), eondition (A), and the express ions  Vk =~ cjVhj 
1=1 
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Fig. 2. 

- q~x2Cx) 

-q3 

Eigenfunetions of p rob l em (13) corresponding 
to the eigenvalues Xl, ,~, and "3- 

TABLE 1. Modeling of Eigenvatues 
and Eigenfunctions of Heat -  and 
M a s s - T r a n s f e r  Sys tems  

No. ~machl No. Xmac h 

1,187 
2,387 
3,715 
4,975 
6,269 

6 
7 

9 
IO 

7,580 
8,832 

10,100 
I t ,220 
12,210 

is shown in Fig. t .  The a r r o w s  denote r e s i s t a n c e s  for  mode l -  
ing the coefficients  which depend on k. In the example ,  the 
modeling p roce s s  is shor tened as a r e su l t  of the following con-  
s ide ra t ions :  

1. Since c 1 = c,~ = 0, the functions Vkl and Vk3 a r e  not zero,  
and, the re fo re ,  it is sufficient  to model  Eqs.  (8) twice to find V k 
and Vk~. 

2. The block d i a g r a m  of Fig. I was const ructed to ob- 
tain Vk2 and Vk4, t e s t  condition (A), and find the functions V 1 
and V 3 s imul taneously .  

The sca les  of the va r i ab les  and the calculat ion of the coefficients  a r e  too obvious to p re sen t .  

F igure  2 shows graphs  of the f i r s t  t h ree  eigenfunctions of this p rob lem corresponding to the e igen-  
values  r~l, ~2, and •3; and Table  1 l i s ts  the f i r s t  ten  eignevalues found by modeling.  

I, 

2. 
3. 

4. 
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